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Abstract
In this paper we obtain a new description of the translation dual of a semifield introduced in [G. Lunar-
don, Translation ovoids, J. Geom. 76 (2003) 200–215]. Using such a description we are able to prove that
a semifield and its translation dual have nuclei of the same order. Combining the Knuth cubical array and
the translation dual, we give an alternate description of the chain of twelve semifields in the table of [S. Ball,
G.L. Ebert, M. Lavrauw, A geometric construction of finite semifields, J. Algebra 311 (2007) 117–129].
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
A semifield is an algebra satisfying the axioms of a skew field except (possibly) associativity of
multiplication. Semifields coordinatize the projective planes of Lenz–Barlotti class V (semifield
planes); two semifields are isotopic if and only if they coordinatize isomorphic planes as proved
by A.A. Albert in [2] (for more details on the isotopy relation see [6, Section 3]). A semifield is
a skew field if and only if the corresponding plane is Desarguesian.
Throughout this paper the term semifield will be always used to denote a finite semifield.
✩ This work was supported by the Research Project of MIUR (Italian Office for University and Research) “Strutture
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a(bc), ∀b, c ∈ S}, the middle nucleus Nm(S) = {b ∈ S | (ab)c = a(bc), ∀a, c ∈ S}, the right
nucleus Nr(S) = {c ∈ S | (ab)c = a(bc), ∀a, b ∈ S}, the center Z(S) = {a ∈ Nl(S) ∩ Nm(S) ∩
Nr(S) | ab = ba, ∀b ∈ S}. It is straightforward to prove that S is a vector space over each of its
nuclei and over its center.
A spread S of the projective space PG(2t−1, q) is a partition of the point-set of PG(2t − 1, q)
into (t − 1)-dimensional subspaces. It is well known that any spread S of PG(2t − 1, q) defines
a translation plane π(S) (see, e.g., [6] or [17] for more details). A spread S is a semifield spread
when the corresponding plane is coordinatized by a semifield S. When the plane π(S) is Desar-
guesian, we will say that the spread S is Desarguesian.
If S is a semifield and π is the projective plane coordinatized by S, then S∗ denotes a semifield
which coordinatizes the dual plane of π [12, Section 5.2].
If ω is any polarity of PG(2t − 1, q) and S is a spread of PG(2t − 1, q), then Sω = {Xω |
X ∈ S} is called the transpose spread of S and the translation plane π(Sω) is called the trans-
pose of π(S). It can be proven that such a plane, up to isomorphisms, does not depend on the
choice of the polarity ω. Indeed, if ω and ω′ are polarities of PG(2t − 1, q) and S is a spread of
PG(2t − 1, q), then ωω′ is a collineation of the space mapping Sω to Sω′ ; hence by [9, Theo-
rem 2.26] π(Sω) and π(Sω′) are isomorphic. When π(S) is isomorphic to a plane coordinatized
by a semifield S, then π(Sω) is a semifield plane as well, and we will denote by ST a semifield
which coordinatizes it.1
The Knuth cubical array introduced in [12] defines a chain of six semifields starting from a
given one. It has been proved in [3] that the six semifield planes arising from the cubical array
are coordinatized by S, S∗, ST , S∗T , ST ∗ and S∗T ∗, where ∗ and T are the dual and the transpose
operations, respectively. Moreover the nuclei of the six semifields are permuted with fixed rules
as proved in [16].
The translation dual S⊥ of a semifield S of dimension at most 2 over its left nucleus has been
introduced in [15] generalizing the relationship between semifield flock spreads and translation
ovoids of Q(4, q). Hence starting from a semifield of dimension 2 over its left nucleus and
applying the Knuth operations and the translation dual, we have a chain of twelve semifields,
possibly isotopic.
On the other hand, in [5] the authors define, from a given semifield S 2-dimensional over its
left nucleus, another one, say T, via a construction2 they introduce; combining this construction
with the Knuth operations, another chain of twelve semifields arises (see [5, Table]).
In this paper (Theorem 2.2), we prove that T is always isotopic to the semifield (S⊥)∗T ∗
and hence T is a Knuth derivative of the translation dual S⊥ of S. As a consequence, the two
chains produce the same semifields up to isotopy. In [13], this property has been proven only for
semifields associated with a flock and the author states in Remark 3.1, without a hint of proof,
that it is true for all semifields. Also, using the spread sets of linear maps, we prove that the
middle and the right nuclei of S⊥ are isomorphic respectively to the middle and the right nuclei
of S. Finally, we show that the semifields ST⊥ and S⊥T are isotopic.
1 Note that ST is just a notation which we use to indicate the semifield, up to isotopy, coordinatizing the transpose of
the semifield plane coordinatized by S.
2 The construction introduced in [5] applies to a more general class of semifields.
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If S satisfies all the axioms for a semifield, except that it has no identity element, then S is
called a pre-semifield. From any pre-semifield, one can naturally construct a semifield which is
isotopic to it [12].
Next we recall the construction of the translation dual semifield of a semifield at most 2-
dimensional over its left nucleus introduced in [15]. If S has dimension 1 over its left nucleus,
then S is a field and S⊥ is a pre-semifield isotopic to a field. We can suppose that S = (Fqn ×
Fqn,+,◦) with Nl(S) = Fqn × {0}, with center Z(S) = Fq × {0} and
(u,0) ◦ (x, y) = (ux,uy),
for all u ∈ Fqn and (x, y) ∈ Fqn × Fqn . Then for any element (x, y) ∈ Fqn × Fqn there exists a
(2 × 2)-matrix Xx,y over Fqn such that
(u, v) ◦ (x, y) = (u, v)Xx,y
and the set CS = {Xx,y : (x, y) ∈ S} is a spread set of matrices associated with S. Such a set
satisfies the following properties:
(i) |CS| = q2n;
(ii) CS is closed under addition and scalar multiplication over Fq ;
(iii) the non-zero elements of CS are non-singular.
Hence CS is an Fq -vector subspace of rank 2n of the vector space M = V (4, qn) of all the 2 × 2
matrices with entries in Fqn .
Let Q = Q+(3, qn) be the hyperbolic quadric of P(M) = PG(M,Fqn) = PG(3, qn) defined
by detX = 0. Then by (iii), CS defines a so-called Fq -linear set L(S) of P(M) of rank 2n disjoint
from Q, precisely
L(S) = {[X]Fqn : X ∈ CS \ {0}},
where [X]Fqn denotes the 1-dimensional vector subspace of M over Fqn defined by the matrix X.
We refer to such a set as the Fq -linear set associated with S. Conversely, any Fq -linear set L of
rank 2n of P(M), disjoint from the hyperbolic quadric Q, defines a pre-semifield which is iso-
topic to a semifield with dimension at most 2 over its left nucleus and whose center contains Fq .
Two pre-semifields S1 and S2 are isotopic if the associated semifield spreads are isomorphic
and this happens if and only if there exists a semilinear map φ : X ∈ M 	→ AXσB ∈ M (where
A and B are two non-singular matrices and σ ∈ Aut(Fqn)) such that CS2 = CφS1 .3 The map φ
induces a collineation of P(M) preserving the reguli of Q and hence L(S1) and L(S2) are pro-
jectively equivalent under the action of the subgroup G of collineations of P(M) fixing the reguli
of Q [15].
Let Trqn/q denote the trace function of Fqn over Fq ; the map Trqn/q(det(X)) defines a
quadratic form of M (regarded as Fq -vector space) over Fq . The polar form associated with
such a quadratic form is Trqn/q(σ (X,Y )), where
3 Note that in the case of a spread which is not a semifield spread this result is a sufficient but not necessary condition
of isomorphism.
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((
X0 X1
X2 X3
)
,
(
Y0 Y1
Y2 Y3
))
= X0Y3 +X3Y0 −X1Y2 −X2Y1.
The orthogonal complement of CS with respect to the Fq -bilinear form Trqn/q(σ (X,Y )) is
C⊥
S
= {Y ∈ M: Trqn/q(σ(X,Y ))= 0, ∀X ∈ CS}.
It defines an Fq -linear set L(S)⊥ of P(M) of rank 2n, disjoint from Q and hence a pre-semifield
S
⊥ called the translation dual of S (see [15] or [4]).
The translation dual was originally constructed in [15] by using the representation on the
Klein quadric of the translation ovoid representing the semifield. In such a model, it is easy to
prove the following
Proposition 2.1. Two semifields S1 and S2, 2-dimensional over their left nucleus, are isotopic if
and only if S⊥1 and S⊥2 are isotopic.
As consequence of this result we have that the translation dual operation is well defined.
In [5, Section 6], the authors starting from a semifield S two-dimensional over its left nucleus
construct another semifield T. We will see that such a semifield T, up to isotopisms, is one of the
six Knuth derivatives of the translation dual S⊥ of S. Indeed, recalling that ∗ and T are the dual
and the transpose operations, respectively, we have
Theorem 2.2. The semifield T is isotopic to the semifield (S⊥)∗T ∗.
Proof. Let S = (Fqn ×Fqn,+,◦) with Nl(S) = Fqn ×{0}, Z(S) = Fq ×{0} and (u,0)◦ (x, y) =
(ux,uy). Then
(u, v) ◦ (x, y) = (ux + vh1(x)+ vh2(y), uy + vg1(x)+ vg2(y)), (1)
where h1, h2, g1, g2 are some Fq -linear functions from Fqn to Fqn . Then
CS =
{(
x y
h1(x)+ h2(y) g1(x)+ g2(y)
)
: x, y ∈ Fqn
}
.
If f is an Fq -linear map from Fqn to Fqn we will denote by f t the adjoint of f with respect to
the bilinear form of Fqn (treated as Fq -vector space) Trqn/q(xy), i.e. defined by Trqn/q(xf (y)) =
Trqn/q(yf t (x)) for any x, y ∈ Fqn . Note that if Fq ′ is a subfield of Fq , then the adjoint of f
(as Fq ′ -linear map) with respect to the Fq ′ -bilinear form Trqn/q ′ is f t as well; indeed by [14,
Theorem 2.26], we have
Trqn/q ′
(
xf (y)
)= Trq/q ′(Trqn/q(xf (y)))= Trq/q ′(Trqn/q(yf t (x)))= Trqn/q ′(yf t (x)).
So the adjoints used here are the same as the adjoints used in [5], where they are calculated over
the ground field. Now let
C =
{(
x y
gt2(x) − ht2(y) −gt1(x)+ ht1(y)
)
: x, y ∈ Fqn
}
where gt1, g
t
2, h
t
1, h
t
2 are the adjoints of g1, g2, h1, h2 over Fq , respectively, and note that if
X =
(
x y
h1(x) + h2(y) g1(x) + g2(y)
)
∈ CS and
X′ =
(
x′ y′
t ′ t ′ t ′ t ′
)
∈ C,g2(x ) − h2(y ) −g1(x )+ h1(y )
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Trqn/q
(
σ(X,X′)
)= Trqn/q(x(−gt1(x′)+ ht1(y′))+ x′(g1(x) + g2(y))
− y(gt2(x′)− ht2(y′))− y′(h1(x) + h2(y)))= 0
for all X ∈ CS and X′ ∈ C. Then C = C⊥S , and hence the pre-semifield S⊥ is defined by the four
functions −gt1, ht1, gt2,−ht2.
Let
φ :X ∈ M 	→ X
( 0 1
−1 0
)
∈ M.
Then
(C⊥
S
)φ =
{( −y x
gt1(x) − ht1(y) gt2(x) − ht2(y)
)
: x, y ∈ Fqn
}
=
{(
x y
ht1(x)+ gt1(y) ht2(x)+ gt2(y)
)
: x, y ∈ Fqn
}
.
Hence S⊥ is isotopic to the pre-semifield defined by the following operation:
(u, v) ◦ (x, y) = (ux + vht1(x) + vgt1(y), uy + vht2(x)+ vgt2(y)),
which is the operation of Tτ1τ2τ1 in the table of [5, Section 6]. Since the operations τ1 and τ2
used in [5] are the dual and the transpose operations respectively, and since the operation τ1τ2τ1
is involutory, we have that T is isotopic to (S⊥)∗T ∗. 
In [11] there is a proof that the construction in [5] is invariant under isotopisms. That compu-
tational proof is very similar to the proof of Theorem 2.2 in its use of relations involving traces
for each of the entries of the 2 × 2 matrices.
Hence the chain of twelve semifields obtained in [5] is (up to isotopy)
S, S∗, ST , S∗T , ST ∗, S∗T ∗, S⊥, S⊥∗, S⊥T , S⊥∗T , S⊥T ∗, S⊥∗T ∗. (C)
In [11, Lemma 5.3], starting from a given semifield S of dimension 2 over its left nucleus other
three semifields S1,S2 and S3 are constructed. We are able to apply the previous results to give
further information on these semifields. Precisely, if S is defined by the 4-tuple (g1, g2, h1, h2)
as in (1), then S1, S2 and S3 are defined by (ht2, gt2, ht1, gt1), (h2, h1, g2, g1) and (gt1, ht1, gt2, ht2),
respectively. By Theorem 2.2, S1 is isotopic to S⊥, whereas S3 is isotopic to S⊥2 and S and S2
are isotopic via the map
ω :X ∈ M 	→ X
(0 1
1 0
)
∈ M.
Hence, the ordered 4-tuples of [11, Lemma 5.3] produce semifields which are isotopic either to
the starting one or to its translation dual.
3. Spread sets of linear maps
Let b be an element of a semifield S = (S,+,◦); then the map ϕb :x ∈ S → x ◦ b ∈ S is a
linear map when S is regarded as a left vector space over Nl(S). We call the set S = {ϕb: b ∈ S}
the spread set of linear maps of S. It satisfies the following properties:
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(ii) S is closed under addition and contains the zero map;
(iii) every non-zero map in S is non-singular (that is, invertible).
Conversely, let S¯ be a set of F¯ -linear maps of an F¯ -vector space S¯ such that:
(i) |S¯| = |S¯|;
(ii) S¯ is closed under addition and contains the zero map;
(iii) every non-zero map in S¯ is non-singular.
Define in S¯ an operation ◦ as follows:
x ◦ y = ϕy(x), (2)
where ϕy is the unique element of S¯ such that ϕy(e) = y (with e a fixed non-zero element of S¯).
Then the algebraic structure S¯ = (S¯,+,◦), with + the addition of the F¯ -vector space S¯ and ◦
defined as (2), is a pre-semifield. Also, S¯ is a semifield whose identity is e, if and only if the
identity map belongs to S¯. In the latter case the left nucleus of S¯ contains F¯ .
This means that semifields t-dimensional over their left nucleus Fq can be investigated via
the spread sets of Fq -linear maps of any t-dimensional vector space V over Fq . Choosing V
as the Galois field Fqt , any element of End(Fqt ,Fq)4 can be represented in a unique way as a
q-polynomial over Fqt , that is
a0 + a1xq + a2xq2 + · · · + at−1xqt−1 ,
where ai ∈ Fqt , i = 0,1, . . . , t − 1, [14, Section 4] and hence any spread set of linear maps
defining a semifield can be seen as a set of linearized polynomials satisfying properties (i)–(iii).
Now we focus on semifields 2-dimensional over their left nucleus. Let S = (Fq2n ,+,◦) be
a semifield with left nucleus Fqn and center Fq and let S be the set of the Fqn -linear maps
defining the multiplication of S, i.e. x ◦ y = ϕy(x) where ϕy is the unique element of S such that
ϕy(1) = y. Since S has center Fq , we have x ◦ y = xy = y ◦ x for each x ∈ Fq and y ∈ Fq2n and
hence S contains the set of linear maps {x ∈ Fq2n 	→ αx ∈ Fq2n | α ∈ Fq}. An element z ∈ Fq2n
belongs to the right nucleus of S if x ◦ (y ◦ z) = (x ◦ y) ◦ z for each x, y ∈ Fq2n , i.e. z ∈ Nr(S)
if ϕy◦z = ϕzϕy (this notation stands for the composition of maps) for each y ∈ Fq2n . So the
right nucleus of S is isomorphic to the field of linear maps Nr(S) = {ϕz: z ∈ Nr(S)}, that can
be characterized as the largest subfield of S over which S is a left vector space. Similarly, the
middle nucleus of S is isomorphic to Nm(S) = {ϕz: z ∈ Nm(S)} and Nm(S) is the largest field
contained in S over which S is a right vector space (see e.g. [1, Lemma 1]).
Since S is closed under Fq -scalar multiplication, it follows that S is a 2n-dimensional Fq -
vector subspace of the vector space V = End(Fq2n ,Fqn). An element ϕ of V can be written as
ϕ = ϕa,b :x ∈ Fq2n 	→ ax + bxq
n ∈ Fq2n ,
and ϕa,b is a non-invertible map if and only if aq
n+1 = bqn+1. Since q(ϕa,b) = aqn+1 − bqn+1 is
a quadratic form of V over Fqn , the non-invertible elements of V define the hyperbolic quadric
Q = {[ϕa,b]Fqn ∣∣ aqn+1 − bqn+1 = 0, (a, b) = (0,0)}
4 We denote by End(Fqt ,Fq ) the Fq -vector space consisting of all the Fq -linear maps of Fqt .
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set of lines {l	 : 	qn+1 = 1}, where l	 = {[ϕd,d	]Fqn : d ∈ F∗q2n}, and the opposite one is the set of
lines R′ = {l′	 : 	qn+1 = 1}, where l′	 = {[ϕa,aqn 	]Fqn : a ∈ F∗q2n}. The subset
LS =
{[ϕ]Fqn : ϕ ∈ S∗}
of P(V), defined by the Fq -vector subspace S of V, is the Fq -linear set associated with S and it is
disjoint from Q (see [10, Section 3]). Fix an Nl(S)-basis of the semifield S = (Fq2n ,+,◦), then
the spread set S of Fqn -linear maps of S defines a set of 2 × 2 matrices CS over Fqn which is a
spread set of matrices of S and it defines an Fq -linear set L(S) in P(M) disjoint from the hyper-
bolic quadric Q defined by the singular matrices of M. We observe that the natural isomorphism
between P(M) and P(V) maps Q to Q and the Fq -linear set LS to L(S).
In the following we will work with the projective spaces P(M) or P(V) depending on the
convenience.
We now explicitly describe, in terms of linear maps, the semilinear maps of V which induce
collineations of P(V) fixing the reguli of the hyperbolic quadric Q.
Theorem 3.1. A collineation of P(V) fixing the reguli of Q = Q+(3, qn) is induced by a semilin-
ear map of V of type
φ(ϕa,b) = ψϕτa,bω,
where τ ∈ Aut(Fq2n), ϕτa,b = ϕaτ ,bτ and ψ , ω are two bijective Fqn -linear maps of Fq2n .
Proof. It is sufficient to note that the maps ψϕτa,bω define collineations of P(V) fixing the reguli
of Q and they equal in number the order of the subgroup of PΓ O+(4, qn) fixing the reguli of the
hyperbolic quadric Q of P(V) [8, Section 15.3]. 
An immediate consequence of the previous proposition is
Corollary 3.2. Let S = (Fq2n ,+,◦) and S′ = (Fq2n ,+,◦′) be two semifields, 2-dimensional over
their left nucleus Fqn and with center Fq , and let S and S′ be the associated spread sets of Fqn -
linear maps of Fq2n . Then S and S′ are isotopic if and only if there exist two bijective Fqn -linear
maps of Fq2n , say ψ and ω and τ ∈ Aut(Fq2n) such that
S′ = {ψϕτω: ϕ ∈ S}.
Remark 3.3. Note that the existence of the identity in the spread set associated with a semifield
is not relevant in the proofs of the previous results, hence they could be stated in a more general
form involving pre-semifields.
Now we explain in which way, starting from the spread set of linear maps S associated
with S we can construct the spread set of linear maps defining S⊥. Let S = (Fq2n ,+,◦) be
a pre-semifield which is isotopic to a semifield 2-dimensional over its left nucleus Fqn with
center Fq and let S be the spread set of Fqn -linear maps associated with S. Recall that the
quadratic form of the vector space V of all Fqn -linear maps of Fq2n defining the quadric Q is
q(ϕa,b) = aqn+1 − bqn+1 and its polar form is σ(ϕa,b, ϕa′,b′) = aqna′ + aa′qn − bqnb′ − b′qnb.
Then
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(
σ(ϕa,b, ϕa′,b′)
)
,
where Trqn/q is the trace function of Fqn over Fq , is a non-degenerate bilinear form of V over Fq
and
S⊥ = {ϕa′,b′ : 〈ϕa,b;ϕa′,b′ 〉 = 0, ∀ϕa,b ∈ S}
is the orthogonal complement of S with respect to 〈;〉. By Section 2, S⊥ is the spread set of Fqn -
linear maps of Fq2n defining a pre-semifield isotopic to the translation dual S⊥ of S.
4. The transpose semifield
Let S be a semifield spread of PG(2t−1, q) constructed from a semifield S t-dimensional over
its left nucleus Fq and ω be any polarity of PG(2t − 1, q). We recall that the transpose ST of S
is the semifield which coordinatizes the semifield plane π(Sω). Hence the transpose operation
leaves invariant the dimension over the left nucleus whereas it permutes the dimensions over
the right and the middle nuclei ([16, Theorem 5] and [4]). When S has dimension 2 over its
left nucleus, the translation dual S⊥ of S has dimension 2 over its left nucleus as well; hence
it makes sense to ask whether the translation dual and the transpose operations coincide in the
2-dimensional case. This fact was already proved to be not the case when S is a non-symplectic
semifield associated with a flock. Indeed, in [19], the authors proved that the Ganley semifield SG
(i.e. the semifield associated with the Ganley flock) is not isotopic to its translation dual, and since
a semifield associated with a flock is self-transpose (see [9, Theorem 82.22]), then S⊥G cannot
be obtained from SG by a Knuth operation. We know the following examples of semifields 2-
dimensional over their left nuclei whose translation dual is not isotopic to the starting one: the
semifield of order q = 32t (t > 2) associated with the Ganley flock and the semifield of order 310
associated with the flock constructed from the Penttila–Williams symplectic semifield (and hence
their translation dual semifields which are symplectic) and the HMO-semifields of order q4 (for
q = pk , k odd, k  3 and p prime with p ≡ 1 (mod 4)) exhibited in [11, Example 5.7]. The result
on the nuclei of the translation dual semifield presented in the last section of the present paper
shows that the translation dual and the transpose operations never coincide.
In the next theorem we will describe the transpose operation in terms of linearized polynomi-
als. This theorem will provide an important tool in the proof of Theorem 5.3.
Theorem 4.1. Let S = (Fq2n ,+,◦) be a pre-semifield isotopic to a semifield 2-dimensional over
its left nucleus Fqn and denote by S the spread set of linear maps associated with S. Then ST =
{ϕa,bqn : ϕa,b ∈ S} is the spread set of additive maps of a pre-semifield isotopic to ST .
Proof. Let CS be a spread set of 2 × 2-matrices over Fqn associated with the pre-semifield S
and let P(M) = PG(M,Fqn). The map t : X ∈ M → Xt ∈ M, where Xt is the transpose matrix
of X, is induced by a symplectic polarity of the 3-dimensional projective space containing the
spread S associated with CS. Then CtS = {Xt : X ∈ CS} defines the pre-semifield ST transpose
of S. Also, the linear map t induces a collineation of P(M) interchanging the reguli of the hyper-
bolic quadric Q defined by detX = 0. Any other semilinear map of M inducing a collineation
of P(M) interchanging the reguli of Q is obtained by composing t with any semilinear map
of M inducing a collineation of P(M) fixing the reguli of Q (see [8, Section 15.3]). So, if ρ is
any semilinear map of M inducing a collineation of P(M) interchanging the reguli of Q, then
Cρ defines a pre-semifield isotopic to ST . In the model of Fqn -linear maps the isomorphismS
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changing its reguli. So, if S is the spread set of linear maps defining S, then
ST = {ϕa,bqn : ϕa,b ∈ S}
is a spread set defining a pre-semifield isotopic to ST . 
The new families of semifields presented in [7] are obtained by constructing the associated
spread sets of linear maps. By applying the previous result to these examples we get
Corollary 4.2. Any semifield belonging to one of the families FI –FVI introduced in [7] is self-
transpose.
Proof. The result follows from Theorem 4.1 and from Proposition 3.3 of [7], taking into account
the form of the spread sets associated to each of the families of semifields FI –FVI . 
Note that even if all of these semifields are self-transpose, none of them is symplectic (see
[7, Section 4]).
It may happen that a semifield is not self-transpose but it belongs to a family closed un-
der the transpose operation. For instance, as a consequence of Theorem 4.1, we have that the
transpose of a generalized twisted field, 2-dimensional over its left nucleus, is isotopic to a gen-
eralized twisted field. Precisely, let G(q2, q,β, c) be the generalized twisted field, 2-dimensional
over its left nucleus, defined by the pre-semifield (Fq2 ,+,◦), where x ◦ y = yx − cyβxq , with
β ∈ Aut(Fq2) \ {1, q} and c ∈ F∗q2 such that c = xq−1yβ−1 for all x, y ∈ Fq2 . The spread set of
additive maps associated with it obviously is S = {x ∈ Fq2 	→ (yx − cyβxq) ∈ Fq2 : y ∈ Fq2}.
So, by applying Theorem 4.1, we have that the spread set ST = {x ∈ Fq2 	→ (yx − cqyβqxq) ∈
Fq2 : y ∈ Fq2} defines a pre-semifield isotopic to G(q2, q,β, c)T , hence G(q2, q,β, c)T is iso-
topic to G(q2, q,βq, cq).
Also, by the proof of Theorem 4.1 any pre-semifield isotopic to the transpose pre-semifield ST
of S can be obtained by applying to the Fq -linear set L(S) associated with S a collineation of
P = PG(3, qn) interchanging the reguli of Q. It follows that if a family of Fq -linear sets of P of
rank 2n (disjoint from Q) is closed under the action of the group Aut(Q), then the associated
family of semifields is closed under the transpose operation. For instance, in [18] and in [10]
the semifields of order q6 with left nucleus Fq3 and center Fq have been partitioned into 8 pair-
wise non-isotopic families F0, F1, F2, F3, F (a)4 , F (b)4 , F (c)4 and F5, according to the different
geometric configurations of the associated Fq -linear set. So we have
Corollary 4.3. Each family Fi (i = 0, . . . ,5) and each subfamily F (j)4 (j ∈ {a, b, c}) introduced
in [18] and [10] is invariant under the transpose operation.
Proof. It is sufficient to note that the geometric configurations of the linear sets associated with
semifields belonging to Fi (i = 0, . . . ,5), which are listed in Theorem 4.3 of [18], are invariant
under PΓ L(4, qn); also each of conditions (a)–(c) of Proposition 3.3 of [10], which defines F (a)4 ,
F (b)4 and F (c)4 , is preserved under the action of the group Aut(Q). 
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In the following proposition, by using the spread sets of linear maps and Theorem 4.1, we
prove that the transpose and the translation dual operations permute.
Theorem 5.1. Let S be a semifield 2-dimensional over its left nucleus, then (ST )⊥ and (S⊥)T
are isotopic.
Proof. Let S be the spread set of Fqn -linear maps of Fq2n associated with S; by the previous
arguments and by Theorem 4.1 the spread sets of linear maps associated with S⊥ and ST are, up
to isotopisms, S⊥ = {ϕa′,b′ : 〈ϕa′,b′ ;ϕa,b〉 = 0, ∀ϕa,b ∈ S} and ST = {ϕa,bqn : ϕa,b ∈ S}, respec-
tively. Then the pre-semifield (S⊥)T is defined by the following set of Fqn -linear maps
(
S⊥
)T = {ϕa′,b′qn : 〈ϕa,b;ϕa′,b′ 〉 = 0, ∀ϕa,b ∈ S}
= {ϕa′,b′qn : 〈ϕa′,b′qn ;ϕa,bqn 〉 = 0, ∀ϕa,b ∈ S}= (ST )⊥.
Now the result follows. 
Remark 5.2. From Theorem 5.1 it follows that by applying the translation dual operation to the
semifields ST and S⊥T we obtain, up to isotopisms, semifields already listed in (C).
Now we can prove the main theorem of this section.
Theorem 5.3. Let S be a semifield 2-dimensional over its left nucleus and let S⊥ be the trans-
lation dual semifield of S. Then Nr(S⊥) and Nr(S) are isomorphic and, similarly, Nm(S⊥) and
Nm(S) are isomorphic.
Proof. Let S be the spread set of linear maps associated with S and let Nr(S) be the field of linear
maps contained in S which is isomorphic to Nr(S). Recall that S⊥ = {ϕa′,b′ : 〈ϕa,b;ϕa′,b′ 〉 = 0,
∀ϕa,b ∈ S} defines a pre-semifield isotopic to S⊥.
Let Nr(S) = {ϕAqn ,−B : ϕA,B ∈ Nr(S)}, then Nr(S) is a field (with respect to sum and the
composition of maps) of the same order as Nr(S). Moreover, let ϕ¯ ∈ Nr(S), where ϕ¯ = ϕAqn ,−B
for some A,B ∈ Fq2n . Then
ϕ¯ϕa′,b′ ∈ S⊥ for any map ϕa′,b′ ∈ S⊥. (3)
Indeed, for all ϕa,b ∈ S we have
〈ϕ¯ϕa′,b′ ;ϕa,b〉 = 〈ϕAqna′−Bb′qn ,Aqnb′−Ba′qn ;ϕa,b〉 = 〈ϕA,Bϕa,b;ϕa′,b′ 〉.
Since ϕA,B ∈ Nr(S) and Nr(S) is the largest subfield of S over which S is a left vector space,
we have ϕA,Bϕa,b ∈ S for all ϕa,b ∈ S, and hence 〈ϕA,Bϕa,b;ϕa′,b′ 〉 = 0 for all ϕa,b ∈ S and for
all ϕa′,b′ ∈ S⊥. This implies 〈ϕ¯ϕa′,b′ ;ϕa,b〉 = 0 for all ϕa,b ∈ S and for all ϕa′,b′ ∈ S⊥, that is
ϕ¯ϕa′,b′ ∈ S⊥ for all ϕa′,b′ ∈ S⊥, i.e. Nr(S)S⊥ ⊆ S⊥.
Note that if the identity map id /∈ S⊥, then the algebraic structure defined by S⊥ with multi-
plication (2) is a pre-semifield. So, let ψ ∈ S⊥, ψ = 0, and put S¯ = ψ−1S⊥. By Corollary 3.2,
the algebraic structure defined by S with multiplication (2) is a semifield which is isotopic to S⊥
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The twelve semifields and their nuclei
Semifield Dimension over Nl Dimension over Nm Dimension over Nr
S 2 m r
S
∗ r m 2
S
T 2 r m
S∗T r 2 m
ST ∗ m r 2
S∗T ∗ m 2 r
S
⊥ 2 m r
S
⊥∗ r m 2
S
⊥T 2 r m
S
⊥∗T r 2 m
S
⊥T ∗ m r 2
S
⊥∗T ∗ m 2 r
and by (3) it immediately follows that ψ−1Nr(S)ψ is a subfield of S¯ isomorphic to Nr(S). Also,
for all ϕ¯ ∈ Nr(S) and for all ϕa′,b′ ∈ S⊥, taking into account (3), we get(
ψ−1ϕ¯ψ
)(
ψ−1ϕa′,b′
)= ψ−1ϕ¯ϕa′,b′ ∈ S¯.
Hence ψ−1Nr(S)ψ is a subfield of S¯ with the same order as Nr(S) and over which S¯ is a left
vector space, i.e. that the right nucleus Nr(S⊥) of S⊥ contains a field of the same order of Nr(S).
Starting from the semifield S⊥ and by applying this process, since ⊥ is involutory, we have
that Nr(S) and Nr(S⊥) have the same order and hence, being finite fields, they are isomorphic
(Nr(S)  Nr(S⊥)).
From [16, Theorem 5], Theorem 5.1 and the previous arguments, it follows
Nm
(
S
⊥) Nr((S⊥)T ) Nr((ST )⊥) Nr(ST ) Nm(S). 
Finally, combining the results of [16] and Theorem 5.3 we have Table 1.
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